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Abstract 



We study how local symmetry transformations of (p, q) anti de Sitter 
super gravities in three dimensions act on fields on the two-dimensional 
boundary. The boundary transformation laws are shown to be the 
same as those of two-dimensional (p, q) conformal supergravities for 
p,q < 2. Weyl and super Weyl transformations are generated from three- 
dimensional general coordinate and super transformations. 
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1. Introduction 



It was conjectured in ref. [|TJ that the string/M-theory in (d + l)-dimensional 
anti de Sitter (AdS) space times a compact space is equivalent to a d- dimensional 
conformal field theory (CFT). More precise form of this AdS/CFT correspondence 
was given in refs. [Q], ||. According to refs. 0, || the CFTs are defined on the 
boundary of the AdS space and the generating functional of operators 0{x) in the 
boundary CFTs is given by the partition function of the string/M-theory. When 
the string/M-theory is represented by a low energy effective supergravity and the 
partition function is approximated by a stationary point of the supergravity action 
S'sugra, one obtains a relation 

^exp (i J d d x(p (x)O(x)^ ^ = exp(i5suGRA [</>])• (1) 



Here, 0o on the left hand side are arbitrary functions defined on the d- dimensional 
boundary while <fi on the right hand side are the solutions of field equations in the 
bulk satisfying boundary conditions <ft = <po. For fields satisfying the first order field 
equations such as a spinor field one should impose boundary conditions on only half 
of the components of the fields 0,0. 

The purpose of this paper is to study how local symmetry transformations in 
the bulk theories act on the fields <p on the boundary. We are especially interested 
in how local supertransformations act on <pQ. The fields <po on the boundary are 
expected to form multiplets of d-dimensional conformal supergravities 0, [0. We 
consider three-dimensional (p, q) AdS supergravities of Achucarro and Townsend || 
in the bulk as simple examples. The AdS/CFT correspondence for three-dimensional 



AdS space was previously discussed from other points of view in refs. 0, [T(J, ITT 

We partially fix the gauge for the local symmetries in the bulk and obtain residual 
symmetries, which preserve the gauge fixing conditions. These residual symmetry 
transformations act on the fields non-locally in the bulk. However, they can act on 
the boundary fields 0o locally. It is shown that the transformations of the boundary 
fields have a local form for p, q < 2. In particular, the supertransformations in the 
bulk become two-dimensional super and super Weyl transformations on the bound- 
ary, while general coordinate transformations in the bulk become general coordinate 
and Weyl transformations on the boundary. These transformation laws are shown 
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to be exactly the same as those of two-dimensional (p, q) conformal supergravities, 
i.e., conformal supergravities with p super symmetries of positive chirality and q of 
negative chirality. 



2. Three-dimensional AdS supergravities 



The field content of the three-dimensional (p, q) AdS supergravity |5| is a dreibein 
eM A , Majorana Rarita-Schwinger fields ip* M , tp l M and SO(jo) x SO(q) Chern-Simons 
gauge fields A% = —A 3 ^, A % £ = -A^} , where i, j, ■ ■ ■ = 1, • • • , p; i', f, ■ ■ ■ = 1, • • • , q. 
We denote three-dimensional world indices as M, N, ■ ■ ■ = 0, 1, 2 and local Lorentz 
indices as A, B,--- = 0,1,2. Our conventions are as follows. The flat metric is 
Vab — diag(— 1, +1, +1) and the totally antisymmetric tensor e ABC is chosen as 
£ oi2 _ _|_^ 2x2 gamma matrices 7^ satisfy {7,4,75} = ^Vab- t's with multiple 
indices are antisymmetrized products of gamma matrices with unit strength. In 
particular, we have j ABC = —e ABC in three dimensions. The Dirac conjugate of a 
spinor if: is defined as x/j = ifiH'y . All components of gamma matrices are chosen to 
be real and Majorana spinors have two real components. 



The Lagrangian is given by 
C 



8nG 



l -eR + 4m 2 e + Ue MNP ^V N ^ P + \ime^ Ml MN ^ N 



-e MNP {A%d N A^ + 2 ~A%A*A k ^ 
7— e MNP (A^d N AP + \A!g A?* A%* 



(2) 



1 A f ATD ( .44 n . -ii 2 

Am 

where m is a positive constant. The cosmological constant is proportional to m 2 . In 
the following we will put the gravitational constant as 8ttG = 1. Our conventions 
for the curvature tensors are 

p „ M W p AB 

ti — &A C-B tt-MN > 

Rmn AB = d M u N AB + oo M A coo N CB -(M^N) (3) 
and the covariant derivatives are defined as 

V M ^ N = (d M + -^Jm AB 1ab) $1 + AZ^n, 
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Vm^n = [du + \um AB 1ab) *i>ff + A l '^ ] N . (4) 

The covariant derivatives without SO(p) x SO (5) connection terms are denoted as 
Dm- The spin connection is given by 

U M AB = UJ M AB (e) + \%{4m1a4b ~ 4m1b4 A + 4a1m4b 

+^mTa4 - ¥m!b4a + ^a1miPb), ( 5 ) 

where ojm AB {&) is the spin connection without torsion. If u>m AB is treated as an 
independent variable in the Lagrangian (H), its field equation is solved by eq. (0). 

The Lagrangian fl2|) is invariant under the following local transformations for 
arbitrary (p, q) up to total derivative terms: 

8e M A = fd N e M A + d M fe N A - X A B e M B + U (eVVk + #YA) > 

M = i N dN^ M + d M e^N ~ \^ AB 1ab^m - ^ + V M e l + m lM e\ 

SA = ed N ^ M + d M e^% - \^ AB 1ab^m - i,f 4i + V M f? - m lM( ?\ 
8A% = ed N A% + d M £ N A% + V M 9^ + 2ime^, 

6A%' = ed N A^ + d M i N A7 + V M 9^' - 2*me[*>3 . (6) 

The transformation parameters £ M (x), X AB (x), 9 l i(x), 9 i '^'(x) and e l (x), e 1 ' (x) rep- 
resent general coordinate, local Lorentz, SO(p) x SO(g) gauge and local super 
transformations respectively. The parameters e l , e 1 ' are Majorana spinors and 
X AB = —\ BA , 9 % i = —9^, 9 % 'i' = — 9 J ' 1 . The commutator algebra of these transfor- 
mations closes for arbitrary p, q modulo the field equations. 



3. Boundary behaviors of the fields 

It is convenient to partially fix the gauge for the local symmetries (|B|). We represent 
the three-dimensional AdS space as a region x 2 > in R 3 . The boundary of the 
AdS space corresponds to a plane x 2 = and a point x 2 = 00. We choose the gauge 
fixing condition as 

P A = 2 — 1 e a — n A = 2 — n 

cm=2 — 9 5 £m=2 — u, e„ — u, 

4 = 0, 4 = 0, Ag = 0, At j '=0, (7) 
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where fi, u, ■ ■ • = 0, 1 and a, b, ■ ■ ■ = 0, 1 are two-dimensional world indices and local 
Lorentz indices respectively. The metric in this gauge has a form 

dx M dx N qmn = t rrTT (dx 2 dx 2 + dx fJ, dx u g fJ-u ) . (8) 

(2mx 2 ) 2 v 7 

The SO (2,2) invariant AdS metric corresponds to the case g^ u = rj^ but we consider 
the general g^ v . We define e/ by g^ = e^ a e u b r] ab . 

Let us obtain asymptotic behaviors of the fields for x 2 — > 0. We assume that 
the dreibein e^ a behaves as (x 2 )" 1 just as in the SO(2,2) invariant case. Asymptotic 
behaviors of other fields are determined by field equations. The field equations of 
the Rarita-Schwinger fields near x 2 = are 

(x 2 d 2 ± ^72) Vv = 0, (9) 

where + is for ip^ = ip 1 and — is for ip^ = tp 1 ' The solutions behave as ip 1 ^ ~ (x 2 ) T ^ , 
ip l ^ ± ~ {x 2 ) ± 2 for x 2 — >• 0, where the suffices ± here denote eigenvalues of 7 2 , 
i.e., chiralities in two-dimensional sense. The field equations which determine the 
boundary behavior of the gauge fields are 

d 2 A^ = (10) 

for both of = A % , A 1 ' The solutions are independent of x 2 . 

According to the prescription in refs. ||, || one has to impose boundary con- 
ditions on the fields. As for gravity we require that the zweibein e^ a defined below 
eq. (H) approaches a given function eo At a (^°,x 1 ) at the boundary. Since the Rarita- 
Schwinger fields and the Chern-Simons gauge fields have field equations which are 
first order in derivatives, one should impose boundary conditions on only half of 
their components M, [Bj. For the Rarita-Schwinger fields we impose boundary con- 
ditions on the components which become larger for x 2 — > 0, i.e., ^>* + and ipt- For 
the gauge fields all the components become independent of x 2 and one can choose 
either A^ = e^A^ or A + = e+'M.^. Here, the suffices ± denote the light-cone direc- 
tions e-t M = ^(eo M ± ei M ). We impose boundary conditions on A % i and A l J . This 
choice is required by supersymmetry as we will see later. To summarize we impose 
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boundary conditions on e^", V'L+j ^L'-j ^- an d • The boundary behaviors of 
these fields are 

e* -> (2mo; 2 )- 1 eo/, 

V£+ -> (2mx 2 )-iV5 M+ , (2mxT^_, 

A J i ' -»• 2mx 2 A%_, A+ f -> 2ma?A%£, (11) 

where the fields with the suffix are fixed functions on the boundary. Other com- 
ponents of the fields on the boundary are non-local functionals of the fields in eq. 
QTTJ) , which are obtained by solving the field equations. We also introduce notations 
^o M+ , A^ + , A^_ defined by -> (2mx 2 )^ l 0fl _, etc. 



4. Local symmetries on the boundary 



Let us study how the fields on the boundary in eq. ([LI]) transform under the 
residual symmetry transformations after the gauge fixing. The residual symmetries, 
which preserve the gauge conditions (0), are obtained by solving 

1 



o,e - - 2 e 



x- 



0, 



d 2 e - A a2 e/ = 0, 

A 2 a e/ - d,i 2 - imx 2 (? 7 2 ^ + ? ' ^) 
D 2 e l + m lM=2 e l + d 2 e^ = J 
D 2 e 1 ' - m lu= J + = 0, 

d 2 9 ij + flfe£Mj? = 0, 
d 2 9 i,j ' + dz^A*/ = 0. 



0, 



(12) 

These equations except the third one determine x 2 -dependence of the transformation 
parameters. The third equation fixes A a2 . The general solution of eq. (O) near the 
boundary x 2 = is 

e = -^(xV 1 ), ^=eff(zV)+0((^) 2 ), 

\l\x\x l ) + 0{x 2 ), \ a2 = 0{x 2 ), 
(2mx 2 )^ [4±(z°, x 1 ) + 0(x 2 ) 
{2mx 2 )^ [4±(x°, x 1 ) + 0(x 2 ) 

0^W) + o((x 2 ) 2 ), e i,j ' = ei j \x\x l ) + o((x 2 ) 2 ), (13) 



A 



ab 



■± 
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where A , £o, Ag b , 

e o±; e o±; ^o J an d ^o"' are arbitrary functions of x° and x 1 . Order 
0(x 2 ) and C((x 2 ) 2 ) terms are non-local functionals of these functions and the fields. 
For instance, the order 0((x 2 ) 2 ) term in 6^ is given by — Jq dx 2 d2^A l / j. Thus, the 
residual symmetry transformations of the fields in the bulk of the AdS space are 
non-local. 

However, the transformations of the fields on the boundary in eq. flTTD can be 
local. Substituting eqs. flTT|), (pf) into eq. (|6|) and taking the limit x 2 — > we find 
the bosonic transformations of the fields on the boundary as 

= £o<^ e OM a + ^^o e oi/ a + A eo M a — A^eo^ 6 , 

*lC- = W^- + + ^A <_ - ^ 7 a 6 <_ - 

SAt = Qd u At - ^At - \--At + Do-flg 7 ', 

<*4'i' = aX? - Ao4i' - + % + ^" • (14) 



We see that the transformations with the parameters £q, Ao, Aq 6 and ^q 7 , ^g' 7 re P~ 
resent general coordinate, Weyl, local Lorentz and SO(p) x SO(g) gauge transfor- 
mations in two dimensions respectively. In particular, the general coordinate trans- 
formation in the direction M = 2 became two-dimensional Weyl transformation. 
Weights of the Weyl transformation are determined by the powers of x 2 appearing 
in the boundary behaviors of the fields (|TT]) . 

On the other hand, in the limit x 2 — > the fermionic transformations of the 
fields on the boundary in eq. (|11|) become 

*V = \i (4+7%+ + 4-i a 4,-) , 



SAl = 2ime ^ (et<+ + 4<-) + feo-Mg,, 

<L4.g' = -2imeo + » + C^ffl-) + 8eo+»A$. (15) 

The transformation of eo M a is that of the two-dimensional (p,q) supergravities, i.e., 
supergravities with p supersymmetries of positive chirality and q of negative chirality 
(See, e.g., ref. [ff3].). However, the transformations of other fields have different forms 
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from those of the two-dimensional supergravities. Furthermore, they contain ip l 0fl _ , 
ipQu+i ^4+; ^.-> which are non-local functionals of the fields in eq. (|TTD. We shall try 
to rewrite these transformations in a local form by using field equations. 



Using an identity 



Vab = ^(Vab + Cab! 2 ) + ~7a7& (16) 



in the second terms, the transformations of the Rarita-Schwinger fields in eq. ( |15| ) 
can be rewritten as 

Sip^ + = D 0lx el + + e ^A l J _el + + ^Vo-, 

= D 0lM 4- + eo^AZet + j 0fl Vo+, (17) 

where 

4 + = -2mei + + \#Zr4- (18) 

If we regard t]q_, t]q + as independent transformation parameters, eq. (|17|) do not 
contain non-local functionals anymore. 

As for the gauge fields we use field equations of the Rarita-Schwinger fields to 
eliminate V'ou- an< l 1 Pou+- First, the first term of the transformation of Aq_ in eq. 
(|j~5|) can be rewritten as 

im (4 7 -7o^L + et 7 o7-^l+) • (19) 
From the Rarita-Schwinger field equations we obtain 

™7o/,7o^- = ~ 770^70^0^+, (2°) 



where 



VC- = A) M A- + eov + 4&A- (21) 
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(ipouu- 1S f° r later use.) Substituting eq. (|20f) into eq. (|T9|) we obtain an expression for 
5Aq_ independent of Similarly we obtain an expression for SAl^ + independent 

of ^o^ + - Thus the transformations of the gauge fields become 

-^4 Y ^7-<-eo^ - -^-Ti>l-<- ] e^. (22) 

The last two terms in these transformations still contain the fields A l (j + or A l i_ , which 
are non-local functionals of the boundary fields. These terms vanish for p, q < 2 
since three indices i, j, k or i',f, k' are antisymmetrized. Therefore, we have a local 
form of fermionic transformations only for p, q < 2. 



5. Comparison with two-dimensional conformal 

supergravities 

Let us compare the above fermionic transformations of the boundary fields (|15|) 



HP' (HI) obtained from the AdS/CFT correspondence with those in the two- 



dimensional (p, q) conformal supergravities for p, q < 2. We begin with the case 



p = q = 2. The two-dimensional (2,2) conformal supergravity [14] contains a 



zweibein e^", Majorana Rarita-Schwinger fields ip* (i = 1,2) and a real vector field 
A?,. Their fermionic transformations are 

6A$ = ~ i (D P ^J + Af$) + ~ i fi v lM , (23) 

where the transformation parameters l l and ff are Majorana spinors and repre- 
sent the supertransformation and the super Weyl transformation respectively. By 
identifying the fields (|TT|) with these fields as 

= e ,-Al + e , + AZ , % = ^ + + <_ , 
? = 4+ + 4-, V 1 = Vo- + 4 + - - (24) 
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where i' = i, j' = j, the transformations obtained from the AdS/CFT correspon- 
dence can be shown to reproduce the fermionic transformations in eq. (|23|). 

The fermionic transformations of the (2, 1) conformal supergravity can be ob- 
tained from those of the (2, 2) theory (^) by a truncation 

#- = 0, A]? = 0, e 2 =0, f + = \r~e\. (25) 

The transformations of the remaining fields e^", ^u+> wt-i A 12 are exactly the same 
as those obtained from the AdS/CFT correspondence by an obvious identification of 
the fields. The (1, 1) theory [[HJ contains e^ a , tjA, whose fermionic transformations 
are obtained from the (2, 2) theory by a truncation vfj 2 = 0, A 2 = 0, e 2 = 0, fj 2 = 0. 



On the other hand, the (2,0) theory [16| is obtained from the (2,2) theory by a 



truncation ft = 0, A 12 = 0, eL = 0, ff + — 0. The (1,0) theory is obtained 
from the (2, 0) theory by further truncation ifj 2 + = 0, A 12 = 0, e 2 ^ = 0, fj 2 ^ = 0. The 
fermionic transformations of these theories coincide with those obtained from the 
AdS / CFT correspondence. 

Thus, for all p, q < 2 the fermionic transformations of the boundary fields are 
locally realized and are exactly the same as the super and the super Weyl trans- 
formations of two-dimensional (p, q) conformal supergravities. For p > 2 or q > 2 
the fermionic transformations of the gauge fields are non-local and a relation to 
two-dimensional conformal supergravities is not clear. We note here that the con- 
struction of the two-dimensional (p, p) conformal supergravities based on the super 



Lie algebra OSp(2, p) © OSp(2, p) in ref. [T(J also failed for p > 2. It would be 
interesting to see a relation between this construction and the AdS/CFT correspon- 
dence. 
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